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Abstract 



We consider the Schrodinger operator with a periodic potential on quasi-lD models 
of zigzag single- wall carbon nanotubes in magnetic field. The spectrum of this operator 
I consists of an absolutely continuous part (intervals separated by gaps) plus an infinite 

number of eigenvalues with infinite multiplicity. We obtain identities and a priori 
estimates in terms of effective masses and gap lengths. 



in 

> 

^ ■ 1 Introduction and main results 
o 

I We consider the Schrodinger operator = (— iV — s^)'^ + Vq with a periodic potential Vq 

on the zigzag nanotube C (ID models of zigzag single-well carbon nanotubes, see 
O ■ |Haj . [SDD] ) in a uniform magnetic field SS = 5(0,0, 1) G M.^, i? G M. The corresponding 

^ ! vector potential is given by = ^[e^, x] = -|(— X2, Xi, 0), x = (xi,X2,X3) G M.^. Our 

model nanotube is a union of edges T^ of length 1, i.e., 

C^: r^ = U^e2r^, cu = (n,/,j) eZ = Zx JxZat, J = {0,1, 2}, ZAr = Z/(iVZ), 



see Fig. [T] and [21 Each edge T^ = {x = r^ + te^, t G [0, 1]} is oriented by the vector G 
and has starting point G M^. We have the coordinate x = r^^+te^ and the local coordinate 
X ; t G [0, 1] (length preserving). We define r^, Gui,u} — (n, G Z by Gn,oj — — (0, 0, 1), 



Gn,lj — >^n+2j+l ~ >^n+2j + ^n,2,j — >^n+2j+2 ~ >^n+2j+l — RN^CQj, SQj, 0), 



Cqj — COS -— , SQj — Sm -— , r„,OJ — ^n+2j + ~^^0j ^n,l,j — I'n.Oj + ^Q, ^n,2,j — T^n+l,0,j, 



nj . Tij 3n 

— , soj = sm — , r^^oj = Xn+2i + 

where Rn = 4^^^- The points ro,oj are vertices of the regular N-gon ^q. The vertical edge 
Tofij lies on the cylinder C = {x G : x^ + Xg = R%}. The starting points ri oj = ro,2,j = 
xi+2j + feo, i & 1>N are the vertices of the regular N-gon ^1 arises from ^0 by the 
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(a) (b) 

Figure 1: (a) A piece of a nanotube T^, (b) a nanotube F^. The fundamental domain is 
marked by a bold line. 




Figure 2: The zigzag nanotube 
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following motion: rotate around the axis of the cylinder C by the angle and translate by 
|eo. The non-vertical vectors Gq ij and eo,2j have positive and negative projections on the 
vector Sq. Repeating this procedure we obtain all edges of . Note that each non- vertical 
edge Tq^ij,! = 1,2 (without the endpoints) lies inside the cylinder C. For each function y 
on we define a function = y\r^,^^ G Z. We identify each function y^ on with a 
function on [0, 1] by using the local coordinate t G [0, 1]. 

Our operator J^b on acts in the Hilbert space L^(F^) = ©^L^(F^) and is given by 

{-^bDlc = -dlf^it) + q{t)f^{t), d^ = ^^-ia^, a^{t) = {.s/{y^ + te^),e^), (1.1) 

see [Hi], [HDD], where {VJ)^ = qU,qe 1^(0, 1) and ©./^,©./: G ^^(F^) satisfies 
The Kirchhoff Magnetic Boundary Conditions: / is continuous on and satisfies 

- d^,UAi) + d^uo) - d^j^,{i) = 0, d^j^M - d^ui) + d^j^M = 0, (1.2) 

for all uJi = (n+1,0, j), uj = (n, 1, j), uj2 = (^,2, j), cus = (n,0, j), = (n, 2, j-1) G Z. 

Condition (11.21) means that the sum of derivatives of / at each vertex of F^ equals and 
the orientation of edges gives the sign ±. 

Such models were introduced by Pauling |Pa] in 1936 to simulate aromatic molecules. 
They were described in more detail by Ruedenberg and Scherr [RSj in 1953. For physical 
models see [Ha], [SDD]. 

For simplicity we will denote F^^i C F-*^ by F^^, for u = {n,j) G 2i = Z x J. Thus 
F^ = Utue^iTw, see FiglH The operator J^b is unitarily equivalent to H{a) = Q)i Hj{a),a = 
^ cot 2^ (see |KLlj ). where the self-adjoint operator Hj{a) acts in the Hilbert space L'^{T^) 
and is given by {Hj{a)f)^ = -f^ + qf^, f = (/a;)a;e2i e D(ifj(a)), where D(ifj(a)) consists 
of all functions / = {fui)u;eZi, (/")w62i ^ -^^(T^), that satisfy the Kirchhoff conditions 

/n,0(l) = /n,l(0) = e^'^sVn,2(l), /n+l,o(0) = e*Vn,l(l) = UM, S = 6*^, (1.3) 

- /;o(l) + fn,M - e"^V;2(l) = 0, /;+i,o(0) - e^VlS) + fU^) = 0. (1.4) 

Define the space £p =|/i = {hn}f : hn |/i„p<oo|, p ^ 1. Let &p,p ^ 1 be the 

class of conformal mappings k : C_|_ K{h) = {A G C+, Re A > 0}\Un^i[TTn, nn+ihn], where 
h = {hn)f G i^, hn ^ and A;(A) = 'j|A|2(2 + 0(1)) as A ^ — oo. In this case we introduce 
the sets: spectral bands (J„ = [\n-i^ ^n] — A;^^([7r(n— 1), nn]) and gaps 7„ = (A~, A^), n ^ 1. 

Recall the needed properties of the Hill operator Hy = —y" + q{x)y on the real line with 
a periodic potential q{x + 1) = q{x),x G M, see, e.g., |M0] . We introduce the fundamental 
solutions i!}{x, A) and (p{x, A), (x. A) G M x C of the equation —y" + q{x)y = Xy satisfying 
■(9(0, A) = (p'{0, A) = 1, "d'^O, A) = (p{0, A) = 0. The corresponding Lyapunov function A are 
given by A(A) = (^'■^)+'^(^''^) ^ A G C. The spectrum of H is purely absolutely continuous and 
consists of intervals = [A^_i, A"],?! ^ 1. These intervals are separated by the gaps 7n = 
(A~, A^) of length |7„| ^0. If a gap 7„ is degenerate, i.e. |7„| = 0, then the corresponding 
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segments cr„, (T„+i merge. The sequence Aq < ^ Aj,'' < ... is the spectrum of the equation 
—y" + qy = \y with 2-periodic boundary conditions, that is y{x + 2) = y{x),x G M. Here 
equahty A^ = A^ means that A^ is an eigenvalue of multiphcity 2. Note that A(A^) = 
(— 1)", n ^ 1. The lowest eigenvalue Aq is simple, A(Ao ) = 1, and the corresponding 
eigenfunction has period 1. The eigenfunctions corresponding to A^ have period 1 if n is 
even, and they are anti-periodic, that is y{x + l) = —y{x), x G M, if n is odd. The derivative 
of the Lyapunov function has a zero A„ in each "closed gap" [A~,A^], that is A'(A.„) = 0. 
Let fin, n ^ 1, be the spectrum of the problem —y" + qy = \y, y{0) = y{l) = (the Dirichlet 
spectrum). It is well-known that yU„ G [A~,A^]. Define the set = {fJ'n,n ^ 1} and note 
that 0"/) = {A G C : {p{l,X) = 0}. Define the quasimomentum fc(A) = arccosA(A), A G C+. 
The function k{-) G ©2, where the corresponding vector (n'^hn)'^ G i"^ is defined by the 
equation A(A„) = (— 1)" cosh /;,„. If Aq = 0, then k satisfies (here and below -\/^ = i) 

k{0) = 0, fc(A) = z = y/XeC+, \z\-*oo, (1.5) 

k{M._) = iM+, /c(a„) = [7r(n — 1), 7m\, k{^n) = [tttt-, ttu + ihn], fc(A„) = irn + ihn, n ^ 1. 

For a self-adjoint operator H we define the set aoo{H) = {A : A G app{H) is of infinite 
multiplicity}. Recall needed results from [KLlj . Let Cj = cosoj, Sj = smaj,aj = a + j^. If 
Cj 7^ 0, then the spectrum a{Hj{a)) = aoo{Hj{a)) U aac{Hj{a)), where aoo{Hj{a)) = an and 

aac{,Hj{a)) = {A G M : ^j(A, a) G [-1, 1]} = U„^i(Tj- „(a), cTj- „(a) = [A+„_i(a), Aj^„(a)], 

where A^q < \~i ^ A^^ < A^2--- zeros of the function — 1, and is the modified 
Lyapunov functions given by 

= ^^, F = — , where ^_ = ^^\^±—±^^ j G Z^. (L6) 

If Cj = 0, then the spectrum a{Hj{a)) = aoo{Hj{a)) = U {A G M : F{\) = -1}. 

If A G aac{Hj{a)), then the equation —y" + qy = \y on with conditions f ll.3p .( |L^ 
has a solution ijj such that ipn+ifi 

(0) = e^P^WV^„,o(0),<+i,o(0) = e^^^WV^;,o(0),ri G Z, where 
Pj{X) is a quasimonentum. The function cospj(A), j 7^ is not entire, and it is define on 
some Riemann surface. If we take kj = pj + then = cosfcj(A) is the entire function. 

Below we consider only the operator Ho{a),c = cos a > 0. Due to (11.61) . the results for 
the operator Hoi^a + ^) give the results for the operator Hj{a). 

For simplicity we will write ^ = ^0 and A^ = A^(a) = Aq „(a), n ^ 0. The function — 1 
has only real zeros A^, their labeling is given by Aq < A|f ^ Aj*" < A2 ^ A^ < .. and if 
|c| ^ {|, 1}, then A~ < A^. Here cr„ = [A^_;^, A~] are the spectral bands and 7„ = (A~, A+) 
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are the gaps. Moreover, satisfy ^(A^) = (—1)" and 

= + % + £n as n ^ oo, go = q{t)dt, 

Jo 

±|'?cn|+o(n '^), Qcn = / q{t) COS untdt , n is odd, c=- 

Jo 2 



2 \ 



\<in\ g 



+ qn= I q{t)e''^''"'^dt, g^™ = Img„, n is ewen, c = 1, 



n 



= o(l/n) in other cases, (1.7) 
see |KLj . |KLlj . Here A°'^ are 2-periodic eigenvalues for the case g = given by 

^Ap = 00 G [0, n/2], = vrn ± 00, cos20o = ^ (^c^ + c - G [-1, 1], 

A2;+i = ^(« + ^)±</'i, 0iG[O,7r/2], -cos20i = ^(^c2-c-0 G [-1,1]. (1.8) 

The identity ^(A) = cos A;(A), A G C+ defines an analytic function (the quasimomentum) 
k{\), A G C+, see Theorem 11.21 With each edge of the gap 7„ 7^ 0, we associate the effective 
mass /id,/i^ by (we take some branches k such that fc(A) — vrn as A — A^) 

A = A^ + ^^^4^^(1 + 0(1)) as A-A^, (1.9) 

and let //^ = if |7„| =0. If g = 0, then the effective masses are given by (see Sect. 2) 

0,+ 9 sin 200 o,± 9 sin20o o,± ,9 sin20i 
8c 00 8c /\0,± 8c /xO,± 

and yu°'+ + /i° ~ = 0(1/72^) as n ^ 00. Let Fq = 9cos^/a^_ formulate our first result. 
Theorem 1.1. Let q G L'^{0, 1). Then the following identities and asymptotics hold true 

+ + ^ as n^oo, (1.11) 

k'iXr = ^ E T^' A ^ A^, n ^ 0, (1.12) 

/^^n = 2 5^ (Ak-i-Afj"\ /x^.+i=2 5^ (AL - Af„+i)~\ n ^ 0, (1.14) 

m^l,s=± m^O,s=± 

where the series converges absolutely and uniformly on compact sets in C \ {A^, n ^ 0}. 
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Remark. Note that F^'{X^^)e^ = 0{e^/n^) as n — > oo. 

Let A„, n ^ 1 he the zeros of F'. We have ^'(A„) = 0. Recall that go = Jq q{x)dx. 

Theorem 1.2. i) Let q G -^^^(0, 1) and Xq = 0. Then a quasimomentum k{X) = arccos.^(A), 
A G C+ belongs to &oo, {hn)f is defined by the equation C,{Xn) = (— 1)" cosh /;,„, and satisfies 

k(0) = 0, A;(A) = 2^ + logf— ^ _ qo + 0{l/z) ^ z = t\X\-^ , X = -oo, (1.15) 

\oc J z 

fc(M_) = iM+, fc((j„) = [7r(n — 1), vrn], fc(7„) = [7™, 7m+i/i„], k{Xn)=T^n+ihn,n 1. (1.16) 
ii) Moreover, for each 1 the following estimates hold true 

K ^ Stt^M^ ^ 6vr2n(/i+ - /xj, (1.17) 

^ (47rn)2(;x+-/x;), (1.18) 

|7n| ^ 8A+/i+ |7„| ^ 8A;|/i;| + 16A;(/i;)2, (1.19) 

/i„ < 47rv^lAinl, /i„ ^ 7rA/2|7„||/i-|, /i„ < 27rv/|7n|/^;!:, (1-20) 

hl^2\^^\./J4\iI^\. (1.21) 
//Tn the first non degenerate gap for some n ^ 1, then /Xq ^ —fJ^n- 

Hi) Moreover, let a spectral interval a{n,ni) = [A^, A~J = U^\iaj, where rii — n is a number 
of the merged components aj which are composed this interval a{n,ni). Then 

l^tiK - ^n) ^ - nfiX^ + X-J, - A+) ^ 32(^1 - ufX'^. (1.22) 

Remark. 1) There is a big difference beween the quasimomentum for the operator Hq 
and the Hill operator H: h & i°° and (n^/i„)f^ G i"^, and, in particular, the unperturbed 
vector el°°. 2) Note that rii - n ^ 2 in ffT^ . 

Below we will sometimes write A^(a), /i^(a), ^(A, a), .., instead of A^, /x^, ^(A), .., when 
several magnetic fields are being dealt with. 

Theorem 1.3. Let q G ^^(O, 2) and a G [0, f ), n ^ 0. Then 

hl{a) ^ /i„(a), |/i°'±(a)| ^ |/i^(a)|, |a°(a)| ^ |a„(a)|, (1.23) 

hn{a) ^ hn{ai), |yU^(a)| ^ |/i^(ai)|, |(T°(a)| ^ |(T„(ai)|, a// - ^ a < ai ^ -. (1.24) 

In the present paper we obtain only local estimates, i.e., estimates for fix n ^ 0. For 
the Hill operator there exist a priori two sided estimates [Klj . |K2j . In order to obtain 
similar results for the zigzag nanotubes, where h G we have to study carefully the 
quasimomentum k{-) as conformal mapping. In our paper we only touch this problem. 
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2 Identities and asymptotics 

Recall that F = — — j^—-, where A_ = g^^^j p satisfy go = q{t)dt, 

AW.eo.v/A.*l^H-^^, A_,A)^^, ,2.1) 

nM.F.(XH'f^^^0{f^), . i^^i!^. (2.2, 



A V |A| 

as |A| ^ oo, uniformly on bounded sets of g G L'^{0, 1) (see [KL]). 

The identity fx^ = -(-1)"^'(A^), n ^ from [KKl] together with ^ = ^ yields 

/^^ = -(-l)"e'(A^) = -(-1)"^^^, n^O. (2.4) 

c 

In the unperturbed case q = the modified Lyapunov function is given by 



Fq + s"^ ^ 9 cos 2z-l r- 
4 = , Fq = c = cosa>0, s = sma, z = y X. 

c 8 



(2.5) 



The function ^"^(-2^) is vr-periodic and on the period [0, vr] has a maximum at ^ G 0, vr and a 
minimun at ^ = ^: 

1 + o2 2 - 

max^°(x^) = ^(0) = = >1 if cy^l and max^^ix^) = lif c = 1, (2.6) 

mine°(x2)=e(vrV4) = -c-f <-l tf c ^ ^ and e°(vr/2) = -1 ^/ c = ^. (2.7) 

We have gaps 7° = (A°'-,A°'+), where e°(A°'^) = (-1)". Using e°(A°'^) = (-1)" we have 
the following equetion for z^'"^ = \/ An ^ > 0: 



9cos22- 1 + 8s^ = 8c(-l)", cos22 = -(^c^ + c(-l)" - -J G [-1,1]. 
Then 2-periodic eigenvalues A°'^ = (2;°'^)^ have the form fll.8p . i.e., 

2o'"^ = 00 e [0,^], 2;2„^=7m±0o, cos20o = ^ (^c^ + c - G [-1, 1], 



^2„-i = 7r(n--)±0i, 01 G [0,7r/2], cos2(--0i) = -cos20i = -[c'-c-- ) G [-1,1] 
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for n ^ 1. The function = arccos^°(A) is a conformal mapping from the upper half-plane 
C+ onto a quasimomentum domain = C\U„,^i[7rn, nn + ih'^], where h = {h^)f, hn ^ 

is defined by the equation cosh/i° = (— 1)"^(A„) ^ 1 and satisfies 

1 + 1 _l_ 4^2 

cosh/i" = — — ^ 1, /i2„ = ^o, and cosh/i? = ^ 1, = /i?. (2.8) 



Using fl2.4p . we deduce that effective masses for g = are given by 

= {-ir^^^^ = ^(-^rsin2^'\ A°'^ = (.^'^)^ n^O. (2.9) 

Thus 



0,+ 9 sin 200 o ± , 9 sin 20o o + , o - ^^Po sin 2(f)Q 



8c 00 ' 8c(f^±0o)' c4[^-'^2 
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and 

(, , 9 sin 201 (, , (, _ 901 sin 20i ^ . , , 

/X ' = ±— , — /i ' +/i ' = -, — y2 < 0, n ts odd. 

8c(f±0i)' ^" ^" c4(^-02) 

Proof of Theorem II. IL Using asymptotics (11.71) we obtain 

F'iXi) = i^o(A^) + 0{l/n'), F^(A^) = F^(A°'±) + K(A°'±)4 + 0(1/^^) 

as n — > oo. Combine last asymptotics with fi^ = — (— 1)" '^ (see (12.41) ) we get (11.111) . 
Using the Cauchy theorem about residues for the function k' = -^—i, we deduce tha 



27ri 



f HPLdp = k\\f-- y all t^X^^n^O. 



The identity ^ = and fo-t = ±c — gives 

'•/2 7-1/2 T?^ 



= ^ = j = j (2 1 

1-e c2(c2- (F + s2)2 c2(F-6_)(F-6+)' ^' ^ 

Using cos20± = G [-1, 1], 0± G [0, f], we obtain 

9 9 

Fo(p) — 6± = -(cos 2^; — cos 20±) = — - sin(2; — 0±) sin(2; + 0±), z = y/p. (2.11) 
8 4 

We need the simple estimates (for each r G (0, |]) 

2|sinz| ^ el^°'^l(l-e-2'^), any z e Cr = {z e C : \z - 7m\ ^ r,n e Z}. (2.12) 
Using (12. 111) . (12. 121) we obtain for d = z — 0±, ^2 = ^ + 0± ^ (we take small r << 1) 

|i^o(p)-&±| = ^|sinCisinC2|^^e2|i-^l(l-e-2'-)2 as |p| ^ oo. (2.13) 



Substituting (QjiO and (IZlSj) into fl230|) we deduce that 

^^^^ "c2(F(p)-6_)(F(p)-M"e4lWI(l + o(l))"^^^ ^ * ^ 

for all p G {p G C : |p| = t} C Cr, where ^/t — (f)±, ^/t — (j)± G Cr- Thus we obtain 
I\p\=t T^^P = 0{l/n) as t oo, which yields ffrT2D . 
In order to show (11.131) we need the following identities 



A - A,+ A - A- " ' " 2 VA - A+ A - A- y ' 

2 Va-A+ A-aJ 2(A-A+)(A-A-) • 
Asymptotics (11.111) give X] l/^n + A^n I < ^ ^'^'^ X] l(/^n ~ /^n)(^n ^ ^n)l < ^5 which implies 

as A ^ — oo. These asymptotics together with (I1.12p . (13. 3p yield (I1.13p . 

The Hadamard factorization ^(A) + 1= H " — ] gives TTrrrr = XI Tzr^ — 
Then the identity (12.41) implies 



^2n + l 



which yields (11.141) . The proof for nfn+i is similar. ■ 

3 Conformal mappings and estimates 

Proof of Theorem 11.21 i) We need some results from [MUj . Let a function / be entire 
and 2; G C of exponential type 2 and /(A) be real on the real line and /(A) = 0(1) and 

/(—A) = CfC^^'*"^^'^"^^'^ as A — s> +00 for some constant Cf > 0. Assume that all zeros of the 
function — 1 are real and their labeling is given hj < (i ^ < (2 ^ (2 ■■■■ Then 
there exists a conformal mapping k : C_|_ K{h) for some sequence h = {hn)f G such 
that /(A) = cos A;(A) and k[\) = ^/X{2 + 0(1)) as A ^ —00 and if = 0, then k satisfies 



.) =iR+, HlC-iXn]) = [7r(ri-l),7™], A;([C„,C]) = [vm, vrn + k{Cn) =Tm + ihn, 
n ^ 1, where Ci < C2 < Cs < •• are zeros of / and Cn G [Cn 5 C^] n ^ 1. 



9 



The function ^ satisfies these conditions, then the statement i) have been proved and we 
need only to show f ll.lSp . Identities A(A) = cosA;(A) and asymptotics A;(A) = z — z = 

W = 

,y oo, see |M0] . and (12. ip give 

F(X) = -(cos2k(X) + o(X-^e^y)), ^X) = — cos2k(X) + o(z-'e^y) = Ae-2iMA)+o(.-^)_ 
8 8c 16c 

Then cos A;(A) = ^^(1 + 0{e~^y)) yields ffLTSD . 

ii) We have proved the existence of the conformal mapping k : C+ K{h) for some 
h & i'^. For such conformal mapping the estimates fll.171) . fll.l8p were proved in [Klj . 
Moreover, if 7„ is the first non degenerate gap for some n ^ 1, then /Xq ^ — /i~ [Kl]. 

Let n ^ 1. We need the following estimates from [KKj 

^ ^ /in ^ 7T\/2\gn\\m^\ ^ 27r|m^|, where 2z^m^ = z^ = ^/X^ > (3.1) 

K ^ 2\gn\^/m+\m-\, ^ 2|m^|, where {z^ + z~)\gn\ = \^n\- (3.2) 

Consider Using the estimate \gn\ ^ 2|m+| we obtain 

l7n| ^ 4(4 + z;;)z+/i+ ^ 8A+/i+, 

which yields the first estimate in (11.190 . Consider fi~. Using the estimate \gn\ ^ 2|m~| and 
identites from (13. ip . (13. 2p we obtain 

\ln\ ^ 4(4 + z-)z-^i- ^ 8X-^M- + 4\gn\z-^-, \gn\z- < 4A;/i;, 

which yields (ll.lOp . 

The estimate from (13. ip givees hn ^ 27r|m^| = 47rA/A^|yU^|, which gives the first estimate 
in (ll.20p . Using estimates 

\9n\\m- \ ^ |7n||/i;|, ^ 2|7„|/x+ 

and (13. ip . (13. 2p . we deduce that 

hn ^ 7rA/2|7„||/i-|, hn ^ 27rA/|7„|/i+, 

which yields the last two estimates in (ll.20p . The identities from (13. ip . (13. 2p give 

\9n\ f^n \'^n I ~ ^^n \9n\ f^n if^n I ^ \1n\ f^n if^n I 

since 44-s,^ ^ (4 + -^n This implies (11.210 . 

iii) We need the estimate (see Theorem 2.4 from |KKj ) 

\^±\\a{n,ni)\ ^ 16(ni -n)2V^(V^+ V^)> /^+ = /^n > ^+ = Xt,f^~ = f^n,^ X- = X~^, 

where ni —n is the number of the merged components which are composed the band (A+, A_). 
This estimate and A+ < A_ yields (ll.22p . ■ 
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Proof of Theorem [Q Using the estimates |F(A„)| ^ |i^o(A°)| ^ 1 (see Lemma 3.1 
from [KLj ) we deduce that ^ /i„ for aU n ^ 1. Applying these facts to the qusimomentums 
k, k° and using ([S3D we get (HTm . 

We show ( 041) . If n is even, then F(A„) ^ 1 and /„(c) = cosh/i„ = = 

-c+ ^ and /;(c) = -1 - ^ < -1. 

If n is odd, then F(A„) ^ — | (see Lemma 3.1 from |KL] ) and /n(c) = cosh/i^ = 
_FiK}±s^ ^ and /;(c) = 1 + ^^%^. Assume that < i, then /^(c) ^ ^ < 0. 

Thus the function /i„(a) on the interval ^] is increasing and hn{a) < hn{ai) for all 
I ^ a < fli ^ |. Then estimate ([S3D yields (fT^ . ■ 

Lemma 3.1. T/ie asymptotics U.15\) and following one hold true 

K (A) = — H — as A ^ — cxD. (3.3) 

A A 

Proof. Using (I2IID-(D, we obtain 

"^^^ - e(A)2-l" e(A)2^ + e(A) " F(A)^^ + ^^" 

where y = V— A > 0. Identities A(A) = cosA;(A),2; = iy = y/X and asymptotics A;(A) = 
z - ^2±£(i), fc'(A) = ±{l + *i±^), (see IMO]) and lO) give 

F(A) = -(cos2fc(A) + o(A-^e22')), F'(A) = -(- sin2A;(A))2fc'(A) + o(z-V^), 
8 8 

^ = -^(2S'(A) + o(A-)) = ,(2P(X) + o(.-3) = 1(1 + *±|W), 

-f^ (^J cosA;(A) ^ 

which yields (13. 3p . ■ 



Lemma 3.2. Let ki,k2 G &oo and let „ ^ /i2,n /or a// n ^ 1. T/ien the corresponding 
spectral bands <Ji^ni<^2,n and effective masses satisfy 

Wl,n\ ^ W2,n\, l/i^nl ^ |/i^„|, Ct^^ n ^ 1. (3.4) 

Proof. Let rj{X) = k'^{X), X = ( + irj E C+, j = 1,2, where kj = Uj + ivj. The function rj 
is a conformal mapping from C+ onto TZj = {r = k'^,k E lK.{hj)}. Let Xj{r),r G T^j be the 
inverse mapping Xj = r~^. The function Sj = Imvj = 2ujVj is harmonic, nonnegative in C+ 
and Sj G C(C+) and rj satisfies 

r,(A) = A + C, + i A(t)f A-T^V^' Q = 4 Tt^T^' (3-5) 



where A^-^^ > and ^t+t^ ^ |K1] . In the domain = {X E ( 

argA ^ TT — £:},0 < e < | there is an estimate |t — A| ^ |t| sine for all t > 0. This and 
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(13.51) yields rj{\) = A(+o(l)) as A G D^, |A| oo. But for any x there exists a constant 
p = p(x) > such that {A : |A| > p} fl C rj{D^), j = 1,2 for some e < x < |. Then 
Aj(r) = r(l + o(l)), r = if: + is G as |r| ^ oo, and 

\i{r2{ir])) \i{r2{ir])) r2{ir])) 

: = . ^^ : ^ 1 as 1]^ oo, 

which yields f{iri) = 7/(1 + o(l)) a.s rj oo. Then the Herglotz Theorem yields 

/(A) = ImAi(r2(A)) ^ ImA2(r2(A)) = r/, A = C + e C+. (3.6) 
Then ImAi ^ ImA2 ^ in the domain r2(C_|_) and ImAi(r) = ImA2(r) = 0,r G M give 

d d 

A'i(^) = ^ln^-^i(^) ^ ^ImA2(r) = A2(r), r G M, r 7^ = {ixnf, 
(recall that r = t + is) which implies 

Wi,n\ = / X'i{r)dr ^ / X'2{r)dr = |o-2,„|, n ^ 1. 

Moreover, we deduce that 

A.(r)-A+„= r K{r)dr = -^^^^^{1 + 0(1)) as r ^ + 0, 

which yelds ^ p^„. The proof for is similar. ■ 
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